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Abstract
A k-majority tournament T on a finite set of vertices V is defined
by a set of 2k − 1 linear orders on V , with an edge u → v in T if
u > v in a majority of the linear orders. We think of the linear orders
as voter preferences and the vertices of T as candidates, with an edge
u → v in T if a majority of voters prefer candidate u to candidate
v. In this paper we introduce weighted k-majority tournaments, with
each edge u→ v weighted by the number of voters preferring u.
We define the maximum approval gap γw(T ), a measure by which
any dominating set of T beats the next most popular candidate. This
parameter is analogous to previous work on the size of minimum dom-
inating sets of (unweighted) k-majority tournaments. We prove that
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k/2 ≤ γw(T ) ≤ 2k − 1 for any weighted k-majority tournament T ,
and construct tournaments with γw(T ) = q for any rational number
k/2 ≤ q ≤ 2k − 1. We also consider the minimum number of vertices
m(q, k) in a k-majority tournament with γw(T ) = q.
Mathematics Subject Classification: 05C20, 05C69, 91B14
1 Introduction
A linear order is an ordered list of the form v1 < v2 < . . . < vn. A k-
majority tournament T on a finite vertex set V = {v1, . . . , vn} is defined
by a set of 2k − 1 linear orderings of V , with u → v if and only if u > v
in at least k of the orders for each u, v ∈ V . McGarvey proved in [6] that
every n vertex tournament can be realized as a k-majority tournament for
some k. Since then, authors have studied k-majority tournaments from a
variety of perspectives. Stearns and Erdo˝s and Moser developed bounds on
the smallest value of k needed for a given n [4, 9]. Alshaikh identified a
family of tournaments realizable as 2-majority tournaments [3]. Shepardson
studied tournaments T defined by putting an edge u → v in T if u > v in
at least 2k/3 of the linear orders [8]. Alon studied bounds on the quality
of a tournament, q = minu→v∈E(T )
|F(u→v)|−|F(v→u)|
k
, where |F(x→ y)| is the
number of linear orders in which x > y [1]. Milans, Schrieber, and West
studied the minimum, over all k-majority tournaments with n vertices, of
the largest size of a transitive subtournament [7].
If a directed graph G contains the edge u → v, we say u dominates v.
A dominating set D ⊆ V (G) is a set of vertices of G such that for each
vertex v /∈ D, there exists a vertex u ∈ D such that u → v. If T is a set of
candidates, we can think of D as a winning committee in the election: each
candidate not in D compares unfavorably to some candidate in D.
Alon et al. considered the maximum size of a minimum dominating set
over all k-majority tournaments T ,
F (k) = sup
T
min
D
{|D|}.
They proved that F (k) is finite for all k > 0, F (1) = 1, F (2) = 3, and
F (3) ≥ 4. They also showed that in general
C1
k
log k
≤ F (k) ≤ C2k log k
2
for constants C1 and C2 [2]. Fidler found an exponential upper bound on
F (k) that improves on the above upper bound for small values of k. In
particular Fidler showed that F (3) ≤ 12 [5].
Note that in a k-majority tournament, each edge u → v represents a
majority of voters, but this majority could range from k voters to a consen-
sus of 2k − 1 voters. To preserve the degree of voter agreement, we define
a weighted k-majority tournament as a k-majority tournament where
each edge u → v has weight w(u → v) equal to the number linear orders
which have u > v. Since each directed edge represents a majority, each edge
must have weight greater than or equal to k and less than or equal to 2k−1.
An example of a weighted 3-majority tournament is shown in Figure 1.
pi1 : a > d > c > b,
pi2 : d > c > b > a,
pi3 : d > c > b > a,
pi4 : a > d > b > c, and
pi5 : a > d > c > b.
a
b
c
d
3
3
3
4
5
5
Figure 1: A weighted 3-majority tournament realized by the linear orders pi1,
. . ., pi5 on the vertex set {a, b, c, d}.
Given a weighted k-majority tournament T , a dominating set D of T ,
and a vertex v of T , we define the average inweight of v with respect to
D as
wa(v,D) =
1
|D|
∑
u∈D,u→v∈E(T )
w(u→ v)
and the weight of D on T as
W (T,D) = min
v/∈D
{wa(v,D)} .
In the case where D contains all of the vertices of T , we define W (T,D) = 0.
Since W (T,D) gives the smallest average inweight that any candidate not
in D is dominated by, we can think of W (T,D) as the amount by which D
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beats the next most popular candidate. For this reason we also say W (T,D)
is the approval gap of D in T .
Continuing our example, for the tournament T shown in Figure 1, we
have a dominating set D = {a, c} with W (T,D) = 3/2.
For any tournament T and dominating set D of T , by definition W (T,D)
is rational, and since the edges of a weighted k-majority tournament cannot
have weight greater than 2k − 1, we have 0 ≤ W (T,D) ≤ 2k − 1. The
following proposition shows that these are the only restrictions on W (T,D).
Proposition 1. Let k > 0 be an integer. For each rational number q with
0 ≤ q ≤ 2k − 1, there exits a weighted k-majority tournament T and a
dominating set D of T such that W (T,D) = q.
Proof. If q = 0 then we may take T to be any k-majority tournament and
D = T . If q > 0 we write q = x/y where x and y are positive integers and
let z = y(2k − 1). Let n = z + 1 and let T have vertex set {v1, v2, . . . vn}.
Notice that x/y ≤ 2k − 1 implies x/z ≤ 1, so x ≤ z < n. We construct
a set of 2k − 1 linear orders by taking 2k − 1 copies of the linear order
v1 > v2 > v3 > . . . > vn. The corresponding k-majority tournament T
has edges vi → vj if and only if i < j, each with weight 2k − 1. Now let
D = V (T )− {vx+1}, so the only vertex not in D is vx+1 and |D| = z. Since
v1, . . . , vx are the vertices that dominate vx+1, wa(vx+1) = x(2k−1) and thus
W (T,D) =
x(2k − 1)
z
=
x
y
= q.
2 Maximum approval gap
For a given k-majority tournament T , we define the maximum approval gap
γw(T ) = max
D
{W (T,D)},
where the maximum is taken over all dominating sets of T . The dominating
set that achieves this maximum beats the next most popular candidate by
the largest possible margin.
Continuing our example, consider again the tournament T in Figure 1.
If D = {a}, then W (T,D) = 3. If D = {a, d}, then W (T,D) = 4. One
can verify that every dominating set of T has weight at most 4. Therefore
γw(T ) = 4.
We now give bounds on γw(T ) for any k-majority tournament T .
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Proposition 2. For any weighted k-majority tournament T , k/2 ≤ γw(T ) ≤
2k − 1.
Proof. The upper bound on γw(T ) cannot be greater than 2k − 1, as the
maximum weight on each edge is 2k − 1.
For the lower bound, if T has n vertices, T must have a vertex v with
indegree at least (n − 1)/2. Thus, because each edge has weight at least k,
the inweight of v must be at least k(n − 1)/2. So if we take D = T − v,
then D is a dominating set with cardinality n− 1, and W (T,D) ≥ k/2. As
a result, since γw(T ) is the maximum over all D, the lower bound on γw(T )
is k/2.
Therefore, k/2 ≤ γw(T ) ≤ 2k − 1.
In Theorem 6 below, we prove that for any rational number q with
k/2 ≤ q ≤ 2k − 1, there is a tournament T with γw(T ) = q. We first
introduce a family of tournaments used in the construction. The clockwise
tournament CW (n) is a tournament on n vertices v1, v2, . . . , vn, with the
following directed edges. When n is odd and for any distinct integers i and
j, 1 ≤ i ≤ n and 1 ≤ j ≤ n, vi → vj if and only if j = i + m (mod n) for
some m ∈ {1, 2, . . . , n−1
2
}. If n is even, then for all integers i with 1 ≤ i ≤ n
2
,
vi → vj if and only if j = i+m (mod n) for some m ∈ {1, 2, . . . , n2} and for
all integers i with n
2
< i ≤ n, vi → vj if and only if j = i + m (mod n) for
some m ∈ {1, 2, . . . , n
2
− 1}. Figure 2 shows an odd clockwise tournament
and an even clockwise tournament.
v1
v5
v4 v3
v2
v1
v5
v6
v4
v3
v2
Figure 2: Clockwise tournaments CW (5) and CW (6) on 5 and 6 vertices.
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Remark 3. If T is a weighted 2-majority tournament where each edge has
weight 2, we can realize T as a weighed k-majority tournament where each
edge has weight k for any k > 2 as follows. Since T is a weighted 2-majority
tournament, T is realized by three linear orders. We add k − 2 orders v1 <
· · · < vn and k − 2 orders vn < · · · < v1 to obtain 2k − 1 linear orders in
total. Each edge of T now agrees with exactly 2 of the first three orders and
k − 2 of the remaining 2k − 4 orders for a total weight of k.
Lemma 4. For any integer k ≥ 2, every clockwise tournament can be realized
as a weighted k-majority tournament where each edge has weight k.
Proof. By Remark 3, it suffices to show that every clockwise tournament can
be realized as a weighted 2-majority tournament where each edge has weight
2. Let T = CW (n) with vertices v1, . . . , vn as defined above.
If n is odd, three linear orders that realize T are
pi1 : v1 > v2 > . . . > vn,
pi2 : vn−1
2
+2 > vn−1
2
+3 > . . . > vn−1 > vn > v1 > v2 > . . . > vn−1
2
> vn−1
2
+1, and
pi3 : vn−1
2
+1 > vn > vn−1
2
> vn−1 > . . . > v3 > vn−1
2
+3 > v2 > vn−1
2
+2 > v1.
If n is even, three linear orders that realize T are
pi1 : v1 > v2 > . . . > vn,
pi2 : vn
2
+2 > vn
2
+3 > . . . > vn−1 > vn > v1 > v2 > . . . > vn
2
> vn
2
+1, and
pi3 : vn
2
+1 > vn
2
> vn > vn
2
−1 > vn−1 > . . . > v3 > vn
2
+3 > v2 > vn
2
+2 > v1.
The proof of Lemma 5 will make use of the following method of par-
titioning the vertices of T = CW (n). Given a vertex vi, define the sets
Xi = {vi, vi+1, . . . , vi+bn−1
2
c} and Yi = T −Xi. For example in Figure 2, the
set Y1 in CW (5) is {v4, v5}, and Y1 in CW (6) is {v4, v5, v6}. By definition of
a clockwise tournament, vi dominates every element of Xi other than itself.
In fact, when n is odd, Xi is the closed out-neighborhood of vi, and Yi is the
open in-neighborhood of vi, in that every element of Yi dominates vi. When
n is even, this is also true for n/2 < i ≤ n, and true for 1 ≤ i ≤ n/2 with
the exception of the vertex vi+n
2
of Yi dominated by vi.
We perform the following two operations on the vertices of a clockwise
tournament T . Given a non-empty proper subset S of the vertices of T , and
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a vertex vi in T , the crank operation cr(vi) returns the vertex vi−` where `
is the smallest non-negative integer such that vi−` 6∈ S. The flip operation
f(vi), returns the vertex vi+dn
2
e. Since the set S is fixed in Lemma 5, we omit
it in the notation of cr(xi) and f(xi). We use cr(Xi) and f(Xi) to denote
the sets Xi−` and Xi+dn
2
e respectively. By definition of the crank operation,
cr(Xi) − Xi contains exactly ` − 1 elements of S, while Xi − cr(Xi) could
contain at most ` elements of S. Thus,
| cr(Xi) ∩ S| ≥ |Xi ∩ S| − 1. (1)
By definition of the flip operation, when |T | is even
f(Xi) = Yi, (2)
and when |T | is odd
f(Xi) = Yi ∪ {vi}. (3)
Lemma 5. Let T be the clockwise tournament CW (n) and let S be a proper
subset of V (T ). If S = T − v for some vertex v, then v is dominated by at
most |S|+1
2
vertices of S. Otherwise, there exists a vertex v 6∈ S such that v
is dominated by at most |S|
2
vertices of S.
Proof. Let T have vertices v1, . . . , vn as defined above. For the purposes of
this proof, we say that vi = vj if i = j (mod n).
If S = T − v, then v is dominated by at most |S|+1
2
vertices of S by
the definition of clockwise tournaments. Therefore suppose that there are at
least two vertices of T not in S. Let vj /∈ S. If |Xi ∩ S| = |Yi ∩ S| for all
i, then |Xj ∩ S| = |S|/2. Since vj is not dominated by elements of Xj, vj is
dominated by at most half of the vertices of S.
If |Xi ∩ S| ≥ |Yi ∩ S| + 2 for some i, then |Xi ∩ S| ≥ (|S|/2) + 1. By
definition of the crank operation and Inequality 1, vk = cr(vi) is a vertex
not in S such that |Xk ∩ S| = | cr(Xi) ∩ S| ≥ (|S|/2). Again, since vk is not
dominated by elements of Xk, vk is dominated by at most
|S|
2
vertices of S.
Therefore suppose for the remainder of the proof that |Xi∩S| ≤ |Yi∩S|+1
for all i, and that there exists a vertex j such that |Xj ∩ S| 6= |Yj ∩ S|. If
|Xj ∩ S| < |Yj ∩ S| then by definition of the flip operation, | f(Xj) ∩ S| >
| f(Yj)∩S|. Hence without loss of generality we may take |Xj ∩S| > |Yj ∩S|.
Since we assumed |Xi ∩ S| ≤ |Yi ∩ S| + 1 for all i, |Xj ∩ S| = |Yj ∩ S| + 1.
Furthermore, since |S| = |Xj ∩ S|+ |Yj ∩ S|,
|Xj ∩ S| = |S|+ 1
2
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and |S| must be odd.
Case 1. n is even. Let vk = cr(vj). By Inequality 1, |Xk∩S| ≥ |Xj∩S|−1.
If |Xk ∩ S| > |Xj ∩ S| − 1 then |Xk ∩ S| ≥ |S|2 and vk is a vertex not in S
dominated by at most |S|
2
elements of S.
Suppose |Xk ∩ S| = |Xj ∩ S| − 1 = |S|−12 , so the elements of Xj not in
cr(Xj) are all elements of S. By Equation 2, | f(Xk) ∩ S| = |Yk ∩ S| = |S|+12 .
Setting vm = cr(f(vk)), if |Xm ∩ S| > | f(Xk)∩ S| − 1 then vm is a vertex not
in S dominated by at most half the elements of S. If |Xm ∩ S| = | f(Xk) ∩
S| − 1 = |Yk ∩ S| − 1 = |S|−12 , we can set vp = cr(f(vm)) to find |Xp ∩ S| ≥
| f(Xm)∩ S| − 1 = |Ym ∩ S| − 1 = |S|−12 . Again, if |Xp ∩ S| > | f(Xm)∩ S| − 1
we have our vertex vp /∈ S which is dominated by at most |S|2 elements of S.
A schematic of these operations and the vertices vk, vj, vm, and vp are shown
in Figure 3.
Xj
vj
vk=cr(vj)
vm=cr(f(vk))
f(vm)
vp=cr(f(vm))
f(vk)
Xk
Xm
Xp
Figure 3: The construction in Case 1 of Lemma 5.
Finally, suppose |Xp ∩S| = |Xm ∩S| = |Xk ∩S| = |S|−12 . In this case, the
vertices lost when performing the crank operation, f(Xm)−Xp, f(Xk)−Xm,
and Xj − Xk are all subsets of S. Furthermore, by definition of the crank
and flip operations, we have the following cyclic ordering of vertices:
j < p+
n
2
< m < k +
n
2
< j +
n
2
< p < m+
n
2
< k < j (mod n).
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If both m and k are less than or equal to n
2
, then for all i such that k + n
2
≤
i ≤ m + n
2
, i is greater than n
2
. Thus p > n
2
. Therefore, there must be at
least one vertex among vk, vm, and vp whose index is greater than
n
2
. Call
this vertex vt. By definition of a clockwise tournament on an even number
of vertices, vt dominates vertex vt+n
2
and vt+n
2
∈ Yt. Since vt+n
2
is an element
of f(Xm) − Xp ⊆ S if t = p, f(Xk) − Xm ⊆ S if t = m, and Xj − Xk ⊆ S
if t = k, it follows that at most |Yt ∩ S| − 1 = |S|−12 vertices of S dominate
vt /∈ S.
Case 2. n is odd. Recall that |S| is odd, and there exists a vertex vj
such that |Xj ∩ S| = |S|+12 . Further recall that for all vertices vi ∈ V (T ),
vi dominates the (n − 1)/2 other vertices of Xi and is dominated by the
(n− 1)/2 vertices of Yi.
Let vm = cr(vj). By Inequality 1, |Xm ∩S| ≥ |Xj ∩S| − 1. If |Xm ∩S| >
|Xj∩S|−1 then |Xm∩S| ≥ |Xj∩S| = |S|+12 and xm is dominated by at most
|S|/2 vertices. Otherwise, |Xm∩S| = |Xj ∩S|−1 = |S|−12 = |Ym∩S|−1. By
Equation 3, f(Xm) = Ym ∪ {vm} and | f(Xm)∩S| = |Ym ∩S| = |Xm ∩S|+ 1.
Thus if f(vm) /∈ S, we have a vertex not in S which is dominated by at most
|S|
2
elements of S. If f(vm) ∈ S, let vr = cr(f(vm)). Again, by Inequality 1,
|Xr ∩S| ≥ | f(Xm)∩S| − 1, with equality only when f(Xm)−Xr ⊆ S. Given
f(vm) ∈ S, f(Xm) − Xr is not empty and by definition of the crank and
flip operations will contain the vertex vm. However, as vm was the result of
performing the crank operation on vj, by definition vm /∈ S. Thus f(Xm) −
Xr 6⊆ S, and |Xr ∩ S| > | f(Xm) ∩ S| − 1. Therefore, vr is a vertex not in S
which is dominated by at most |S|
2
elements of S.
These lemmas enable us to prove the next result categorizing the possible
values of γw(T ). We showed in Proposition 2 that k/2 ≤ γw(T ) ≤ 2k − 1.
We now show that for any rational number q in this range, there exists a
weighted k-majority tournament T such that γw(T ) = q.
Theorem 6. Let k > 1. For any rational number q where k/2 ≤ q ≤ 2k− 1,
there exists a weighted k-majority tournament T such that γw(T ) = q.
Proof. Case 1. q = k/2. We construct the clockwise tournament T =
CW (3) on vertices {a, b, c} with weight k on each edge using Lemma 4. The
tournament T has the four dominating sets {a, b}, {b, c}, {a, c}, and {a, b, c},
with corresponding weights k/2, k/2, k/2, and 0, so γw(T ) = k/2.
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Case 2. k/2 < q < k. We write q = x/y where x and y are positive integers
and x > y. We also choose x and y large enough so that
k
2q
<
ky − 1
ky
.
We can do this because k/2 < q and so k/(2q) < 1. Since (ky − 1)/(ky)
approaches 1 as y gets large, we can choose y such that k/(2q) < (ky −
1)/(ky) < 1.
Before constructing T , we first construct subtournaments A, B, and C
isomorphic to CW (2x), CW (2ky− 2x), and CW (ky) respectively, with ver-
tices a1, . . . , a2x, b1, . . . , b2ky−2x, and c1, . . . , cky. Again using Lemma 4, we
create linear orders α1, α2, . . . , α2k−1, β1, β2, . . . , β2k−1, and µ1, µ2, . . . , µ2k−1
that realize A, B, and C, respectively, where each edge has weight k. We
construct T with the following 2k− 1 linear orders on V (T ). A schematic of
T is shown in Figure 4.
pii :

βi > αi > µi if 1 ≤ i ≤ k − 1,
αi > µi > βi if i = k,
µi > βi > αi if i = k + 1, and
µi > αi > βi if k + 2 ≤ i ≤ 2k − 1.
A
2x vertices
B
2ky − 2x vertices
C
ky vertices
k
k k
Figure 4: The tournament T in Case 2 of Theorem 6.
Now let D = A ∪B. Then each vertex in T −D = C is dominated by D
with total inweight k(2x), as the only vertices in D dominating the vertices
10
in C are the vertices in A. Thus,
W (T,D) =
k(2x)
2x+ 2ky − 2x =
2kx
2ky
=
x
y
= q.
Now we prove that D is a maximum weight dominating set. Assume by way
of contradiction that D′ is a dominating set of T with W (T,D′) > W (T,D).
Note that since k/2 < x/y < k, we have
x < ky < 2x < 2ky. (4)
We consider the eight possible combinations of whether A, B, or C is a subset
of D′. In what follows, let a = |A ∩D′|, b = |B ∩D′|, and c = |C ∩D′|.
Case 2a. A ⊆ D′, B ⊆ D′, and C ⊆ D′. In this case D′ = T and
W (T,D′) = 0 < W (T,D).
Case 2b. A 6⊆ D′, B 6⊆ D′, and C 6⊆ D′. Consider the inweight of elements
in A not in D′. Each element of A − D′ is dominated by each element of
B∩D′ with weight k; and by Lemma 5, each element of A−D′ is dominated
by at most (a+ 1)/2 elements of A ∩D′, each with weight k. Therefore,
W (T,D′) ≤ k
(
b+ a+1
2
)
a+ b+ c
.
Since W (T,D′) > W (T,D), we have
k
(
b+ a+1
2
)
a+ b+ c
>
x
y
.
Cross multiplying and simplifying the inequality gives
2kyb+ kya+ ky > 2ax+ 2bx+ 2cx.
Further simplification yields
a <
(2ky − 2x)b− 2cx+ ky
2x− ky . (5)
Repeating this process for elements in B but not in D′ yields
b <
(2ky − 2x)c− 2ax+ ky
2x− ky . (6)
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Combining Inequalities 5 and 6 and simplifying yields
a <
c(4ky − 6x)
ky
+ 1.
Now, since by Inequality 4 we have 3ky − 6x < 0, it must be the case that
4ky − 6x < ky, and thus (4ky − 6x)/ky < 1. Therefore a < c + 1 and since
we can perform the same procedure to find the average inweight of elements
in B−D′ and C −D′, we get that b < a+ 1 and c < b+ 1. Combining these
three inequalities we obtain a = b = c. Let r = a = b = c. Then, we rewrite
the average inweight of elements of T − D′ in terms of r. Furthermore, by
Inequality 4, |A| = 2x is more than half of 2ky, and thus |A| ≥ |B| + 2.
Therefore |A − D′| ≥ 2. Thus, using Lemma 5, the average inweight of
elements of A−D′ is
k(r + r
2
)
3r
>
x
y
.
Simplifying results in ky > 2x, which is a contradiction.
Case 2c. A ⊆ D′ and B 6⊆ D′. Since the maximum possible average
inweight of any element in B − D′ occurs when C ⊆ D′, we will make this
assumption throughout this case. If B −D′ contains more than one element
then by Lemma 5, elements of B−D′ are dominated by at most b/2 elements
of B ∩D′. Thus, the maximum possible average inweight of any element in
B −D′ is equal to
k( b
2
+ ky)
2x+ b+ ky
.
By assumption, this is greater than x/y. Cross multiplying and simplifying
yields
(ky − 2x)(b/2 + ky + x)
y(b+ ky + 2x)
> 0.
Since the variables all represent non-negative integers, this implies ky > 2x,
and we arrive at the same contradiction as in Case 2b.
Therefore there must be exactly one element v ∈ B − D′, so b = 2ky −
2x−1 and v is dominated by at most (2ky−2x)/2 elements of B by Lemma 5.
Thus, the maximum possible average inweight of v is
k(2ky−2x
2
+ ky)
2x+ 2ky − 2x− 1 + ky =
k(2ky − x)
3ky − 1 .
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By our assumption, this is greater than x/y, which by Inequality 4 is greater
than k/2. Thus we have,
k(2ky − x)
3ky − 1 >
k
2
,
Simplifying, we find ky > 2x − 1. Again applying Inequality 4 we find that
2x− 1 < ky < 2x, contradicting the fact that ky is an integer.
Case 2d. C ⊆ D′ and A 6⊆ D′. We assume B ⊆ D′, as this leads to the
maximum possible average inweight of elements in A−D′. If |A−D′| ≥ 2,
then by Lemma 5, elements of A−D′ are dominated by at most half of the a
elements in A∩D′. The maximum possible average inweight of any element
in A−D′ is thus equal to
k(2ky − 2x+ a
2
)
2ky − 2x+ ky + a.
By assumption, this is greater than x/y. Cross multiplying and simplifying
yields that
a <
2(2ky − x)(ky − 2x)
2x− ky .
Applying Inequality 4, ky − 2x is negative and the rest of the terms are
positive. Therefore a is negative, which is a contradiction.
Now assume there is only one element v ∈ A−D′, which by Lemma 5 is
dominated by 2x/2 elements of A∩D′. Thus, v is dominated by elements of
D′ with at most an average inweight of
k(2ky − 2x+ 2x
2
)
2ky − 2x+ ky + 2x− 1 =
k(2ky − x)
3ky − 1 .
By the same argument used in the last paragraph of Case 2c, this leads to a
contradiction.
Case 2e. B ⊆ D′ and C 6⊆ D′. Elements of C − D′ will have maximum
inweight when we take A ⊆ D′. If there are two or more elements in C −D′
then by Lemma 5, the average inweight of these elements is at most
k(2x+ c
2
)
2ky + c
.
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Setting this greater than x/y and simplifying gives ky > 2x, which is a
contradiction.
If there is exactly one element v ∈ C−D′ then c = ky−1, and by Lemma
5 the vertex v is dominated by at most ky/2 elements of C ∩D′. In this case
the average inweight of v is at most
k(2x+ ky
2
)
2ky + ky − 1 .
Once again, setting this greater than x/y and simplifying, and we find that
ky
2x
>
ky − 1
ky
.
However, we chose x and y sufficiently large so that
k
2q
=
ky
2x
<
ky − 1
ky
,
and we have a contradiction.
Case 3. k ≤ q ≤ 2k − 1. Let w, x, and y be nonnegative integers such that
x < y and q = w+x/y (note the change in the usage of x and y for this case).
We construct T as a disjoint union of two clockwise tournaments A = CW (x)
and B = CW (y − x), with vertices a1, . . . , ax and b1, . . . , by−x respectively,
and a vertex c. By Lemma 4, let α1, α2, . . . , α2k−1 be linear orders that realize
A as a weighted k-majority tournament where each edge has weight k, and
β1, β2, . . . , β2k−1 be linear orders that realize B as a weighted k-majority
tournament where each edge has weight k. We realize T with the following
2k − 1 linear orders, replacing αi and βi with the full linear orders in each
case. A schematic of T is shown in Figure 5. Note that we may have x = 0
in this figure, in which case the circle labeled A is missing.
pii :

βi > αi > c if 1 ≤ i ≤ k,
αi > βi > c if k + 1 ≤ i ≤ w,
αi > c > βi if i = w + 1, and
c > αi > βi if w + 2 ≤ i ≤ 2k − 1.
By construction D = A∪B is a dominating set and c, the only element in
T−D, has inweight (w+1)|V (A)|+w|V (B)| = (w+1)x+w(y−x) = wy+x.
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Ax elements
B
y − x elements
c
k
w + 1 w
Figure 5: The tournament T in Case 3 of Theorem 6.
Since |D| = x+ y − x = y, we have that
W (T,D) =
wy + x
y
= w +
x
y
= q.
Now we must show that for any dominating set D′ of T , W (T,D′) ≤ q.
Suppose D′ is a dominating set not equal to D. Then, either D′ is all
of T , in which case W (T,D′) = 0, or T −D′ contains a vertex v in A ∪ B.
Notice that in our construction, all edges to vertices in A or B have weight
k. Thus, v gets dominated on average by vertices in D′ with weight less than
or equal to k and hence W (T,D′) ≤ k. Since W (T,D) = q ≥ k, we know
that W (T,D′) ≤ W (T,D). Thus D is a maximum weight dominating set of
T and so γw(T ) = q.
We note that if k ≤ q ≤ 2k − 1, the construction in Case 3 of the proof
of Theorem 6 of a k-majority tournament with γw(T ) = q is minimal since it
has y+ 1 vertices, the smallest number necessary for generating an approval
gap with denominator y in reduced form. The construction provided for
k/2 < q < k in Case 2 results in a 3ky vertex k-majority tournament, which
is often not minimal. For example, when q = k − 1
2
, the linear orders shown
in Figure 6 realize a k-majority tournament T with γw(T ) = q and only
2k + 1 vertices. As before, α1, α2, . . . , α2k−1 are linear orders that realize
A = CW (2k − 1) as a weighted k-majority tournament in which each edge
has weight k.
Let m(q, k) be the smallest number of vertices of a k-majority tournament
T with γw(T ) = q. By the remarks above, when k ≤ q ≤ 2k − 1, m(q, k) =
y + 1, where q = x/y in lowest terms. Note this includes the case where q
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pii :

b > αi > c if 1 ≤ i ≤ k − 1,
αi > c > b if i = k,
c > b > αi if i = k + 1, and
c > αi > b if k + 2 ≤ i ≤ 2k − 1.
A
2k − 1 vertices
b
c
k
k
k
Figure 6: A k-majority tournament T on 2k−1 vertices having γw(T ) = k− 12 .
is an integer, in which case x = q, y = 1, and m(q, k) = 2. The following
proposition shows that m(q, k) = 3 if the fractional part of q is 0 or 1/2 and
k/2 ≤ q ≤ k − 1.
Proposition 7. For all k and q such that k ≥ 2, 2q is an integer, and
k/2 ≤ q ≤ k − 1, m(q, k) = 3.
Proof. We construct a k-majority tournament T with vertices a, b, and c,
realized by the following 2k − 1 linear orders. The weighted k-majority
tournament T is shown in Figure 7.
pii :

c > a > b if 1 ≤ i ≤ k − 1,
a > b > c if k ≤ i ≤ 2q,
b > a > c if 2q + 1 ≤ i ≤ 2k − 2, or for no values of i if q = k − 1, and
b > c > a if i = 2k − 1.
The tournament T has the four dominating sets {a, b}, {b, c}, {a, c}, and
{a, b, c}, with corresponding weights k/2, k/2, q, and 0. Since q ≥ k/2,
γw(T ) = q. Therefore m(q, k) ≤ 3. As every k-majority tournament T on
two vertices has γw(T ) ≥ k and every k-majority tournament T on 1 vertex
has γw(T ) = 0, m(q, k) = 3.
3 Open Questions
We conclude with a list of potential further directions for research.
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b
b
a
a
c
c
2q
k k
Figure 7: The construction in the proof of Proposition 7.
1. We found the value of m(q, k) for all rational numbers q such that
k ≤ q ≤ 2k − 1 and for values of q, k/2 ≤ q ≤ k − 1, where q is an
integer or has fractional part 1/2. What are the remaining values of
m(q, k)? Is the bound m(k − 1/2, k) ≤ 2k + 1 best possible? What is
m(q, k) for k/2 ≤ q < k with fractional part 1/3 or 2/3?
2. Instead of maximizing the approval gap of a dominating set, we could
consider another parameter which minimizes it.
3. Our parameter γw(T ) maximizes the approval gap of one dominating set
over the next closest candidate. We could ask instead for the approval
gap of one dominating set over the next closest dominating set.
4. We could consider γw(T, j), which maximizes the approval gap of dom-
inating sets of a fixed size j, letting γw(T, j) = 0 if no such set exists.
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